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Physics Motivation: Quarkonium

Bound states of cc or bb:       Heavy quarkonium MQ>>Tmed
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Physics Motivation: Quarkonium

From	
  run1	
  and	
  ongoing	
  run2	
  at	
  LHC:	
  unprecedented	
  amount	
  of	
  precision	
  data

Bound states of cc or bb:       Heavy quarkonium MQ>>Tmed
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Physics Motivation: Quarkonium

Theory	
  goal:	
  1st principles	
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  into	
  in-­‐medium	
  QQ	
  in	
  heavy-­‐ion	
  collisions

From	
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  and	
  ongoing	
  run2	
  at	
  LHC:	
  unprecedented	
  amount	
  of	
  precision	
  data
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Assume full kinetic
themalization of QQ

&
Static medium from
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II. Via QQ potential from the
lattice QCD Wilson loop
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A common challenge

Dynamical information e.g. spectral functions not directly accessible on the lattice

D(⌧) =

Z1

-2MQ

d!e-⌧!⇢(!)
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Dynamical information e.g. spectral functions not directly accessible on the lattice

1. Nω parameters ρl >> Nτ datapoints

2. simulated Di has finite precision
Di =

N!X

l=1

exp[-!l⌧i] ⇢l �!l

Bayes theorem: Regularize the naïve χ2 functional P[D|ρ] through a prior P[ρ|I]
M.  Jarrell,  J.  Gubernatis,  
Phys.  Rep.  269  (3)  (1996)

P[⇢|D, I] / P[D|⇢] P[⇢|I]
�P[⇢|D, I]

�⇢l

!
= 0

Asakawa,  Hatsuda,  Nakahara,  
Prog.Part.Nucl.Phys.  46  (2001)  459
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A new proposal (arXiv:1610.09531)
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A new proposal (arXiv:1610.09531)

Instead of using Euclidean correlators change to imaginary frequencies

D(⌧) =

Z1

-2MQ

d!e-⌧!⇢(!) D(µ) =
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In-medium quarkonium spectral
functions from lattice QCD

IN-MEDIUM QQBAR PHENOMENOLOGY FROM LATTICE QCD SPECTRAL FUNCTIONS
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Full Lattice QCD simulation incl. QQ
(still too costly)

Lattice Non-Relativistic QCD (NRQCD) well established at T=0, applicable at T>0

no modeling, systematic expansion of QCD action in 1/mQa, includes v≠0 contributions
Thacker, Lepage Phys.Rev. D43 (1991) 196-208

State-of-the-art: realistic simulations of the QCD medium by the HotQCD collab.

483x12  Nf=2+1 HISQ action mπ=161MeV  T= [ 140 – 407 ] MeV  mba= [ 2.759 – 0.954] 
HotQCD PRD85 (2012) 054503, PRD90 (2014) 094503 
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Bottomonium NRQCD S-wave spectra
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BR Method: Lowest lying wiggly feature up to T=407MeV (bound state remnant?)

Standard MEM consistent with FASTSUM study: at T~210 MeV no more remnant 
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Standard MEM consistent with FASTSUM study: at T~210 MeV no more remnant 

BR: Can we disentangle numerical ringing from actual physics at T=407MeV
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How to identify BR method artifacts?
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Hints at disappearance of genuine bound state feature above T=333MeV 
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How to identify BR method artifacts?

ω[GeV]

Hints at disappearance of genuine bound state feature above T=333MeV 

Better understanding of Bayesian systematics (MEM,BR) but remains a challenge:
increasing statistics                           or increasing Nτ

S.Kim,  P.Petreczky,  A.R.
In  preparation

G.  Aarts et.al [FASTSUM]
in  preparation
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Describes QQ as singlet and octet wavefunctions:  S(R, t), O(R, t)
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T>0 static potential from the lattice

Robust lattice determination of Re[V]&Im[V]

Nf=2+1, 483x12, asqtad action, mπ~300MeV

T≈0(β=6.9) T≈0(β=7.48) T=0.86TC

T=0.95TC T=1.06TC T=1.19TC

T=1.34TC T=1.41TC T=1.66TC
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At T~0 Re[V] on the lattice well described by
naïve Cornell ansatz:   V= -α/r + σr + c
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T>0 static potential from the lattice

Robust lattice determination of Re[V]&Im[V]

Nf=2+1, 483x12, asqtad action, mπ~300MeV
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QCD medium with
u,d,s quarks
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continuum
corrected
interpolation
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gauss law with a single T-dep. Parameter mD
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S-wave spectral functions
In absence of a true continuum extrapolation of the potential, combine: 

phenomenological T=0 Cornell potential &  T>0 lattice QCD mD
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S-wave spectral functions

Zero angular momentum radial Schrödinger equation (not for the WF!)

i@tD
>(t, r) =

⇣
2mQ -

1

2mQ

d2

dr2
+ VQQ̄(r)

⌘
D>(t, r)

In absence of a true continuum extrapolation of the potential, combine: 
phenomenological T=0 Cornell potential &  T>0 lattice QCD mD

IN-MEDIUM QQBAR PHENOMENOLOGY FROM LATTICE QCD SPECTRAL FUNCTIONS



ISOQUANT 

SFB1225 

ISOQUANT 

SFB1225 

Theory of Hadronic Matter under Extreme Conditions – JINR, Dubna, Russian federation – Nov. 1st 2016

S-wave spectral functions

Zero angular momentum radial Schrödinger equation (not for the WF!)

i@tD
>(t, r) =

⇣
2mQ -

1

2mQ

d2

dr2
+ VQQ̄(r)

⌘
D>(t, r) lim

r!0

Z
d!e-i!tD>(t, r) = ⇢(!)

In absence of a true continuum extrapolation of the potential, combine: 
phenomenological T=0 Cornell potential &  T>0 lattice QCD mD
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S-wave spectral functions

Zero angular momentum radial Schrödinger equation (not for the WF!)

i@tD
>(t, r) =

⇣
2mQ -

1

2mQ

d2

dr2
+ VQQ̄(r)

⌘
D>(t, r) lim

r!0

Z
d!e-i!tD>(t, r) = ⇢(!)

3S1 Bottomonium Υ channel 3S1 Charmonium J/ψ channel
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In absence of a true continuum extrapolation of the potential, combine: 
phenomenological T=0 Cornell potential &  T>0 lattice QCD mD
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S-wave spectral functions

Hierarchical modification of states according to their vacuum binding energy

Zero angular momentum radial Schrödinger equation (not for the WF!)

i@tD
>(t, r) =

⇣
2mQ -

1

2mQ

d2

dr2
+ VQQ̄(r)

⌘
D>(t, r) lim

r!0

Z
d!e-i!tD>(t, r) = ⇢(!)

3S1 Bottomonium Υ channel 3S1 Charmonium J/ψ channel
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In absence of a true continuum extrapolation of the potential, combine: 
phenomenological T=0 Cornell potential &  T>0 lattice QCD mD
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Melting Temperatures: S-wave
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Melting Temperatures: S-wave
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In-medium modified Re[V]: threshold from confinement moves to lower energies
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Melting Temperatures: S-wave

Econt
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In-medium modified Re[V]: threshold from confinement moves to lower energies

Meaningful definition of melting in the presence of Im[V]:    use Γ = Ebind

[MeV]
state J/ (1S)  0(2S) ⌥(1S) ⌥(2S) ⌥(3S) ⌥(4S)
Tmelt 213+13

-11 < 147 412+76
-22 193+26

-8 157+5
-4 < 147
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Quarkonium phenomenology
from in-medium spectral functions

Caveat I:  We do not measure in-medium di-lepton emission in experiment
instead the decay of vacuum states long after the QGP ceased to exist

Caveat II:  The assumption of full kinetic thermalization is (if at all) only
appropriate for Charmonium (at low pT and at mid-rapidity y~0)
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Quarkonium phenomenology
from in-medium spectral functions

Caveat I:  We do not measure in-medium di-lepton emission in experiment
instead the decay of vacuum states long after the QGP ceased to exist

Caveat II:  The assumption of full kinetic thermalization is (if at all) only
appropriate for Charmonium (at low pT and at mid-rapidity y~0)

IN-MEDIUM QQBAR PHENOMENOLOGY FROM LATTICE QCD SPECTRAL FUNCTIONS

Estimating the ψ‘ to J/ψ ratio



ISOQUANT 

SFB1225 

ISOQUANT 

SFB1225 

Theory of Hadronic Matter under Extreme Conditions – JINR, Dubna, Russian federation – Nov. 1st 2016

ψ‘ to J/ψ ratio from T>0 spectra

Assume instantaneous freezeout: T>0 states
convert to real vacuum particles at around TC
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ψ‘ to J/ψ ratio from T>0 spectra

In-medium dilepton emission from area under 
spectral resonance peaks
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  order	
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R`¯̀ /
Z
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Z
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P2
nB(p0)

Assume instantaneous freezeout: T>0 states
convert to real vacuum particles at around TC
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ψ‘ to J/ψ ratio from T>0 spectra

In-medium dilepton emission from area under 
spectral resonance peaks
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  order	
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0 - p2)

R`¯̀ /
Z
dp0
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d3p

(2⇡)3
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P2
nB(p0)

Assume instantaneous freezeout: T>0 states
convert to real vacuum particles at around TC

”How many vacuum states do the
in-medium peaks correspond to?”
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ψ‘ to J/ψ ratio from T>0 spectra

In-medium dilepton emission from area under 
spectral resonance peaks
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Number density: divide in-medium 
by T=0 dimuon emission rate:

Y.Burnier,  O.  Kaczmarek,  A.R.  
JHEP  1512  (2015)  101  
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R 
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R
J/ 

`¯̀

M2
 0 |�J/ (0)|

2

M2
J/ |� 0(0)|2

= 0.052(9)

Assume instantaneous freezeout: T>0 states
convert to real vacuum particles at around TC

”How many vacuum states do the
in-medium peaks correspond to?”
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ψ‘ to J/ψ ratio from T>0 spectra

In-medium dilepton emission from area under 
spectral resonance peaks
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Number density: divide in-medium 
by T=0 dimuon emission rate:

Y.Burnier,  O.  Kaczmarek,  A.R.  
JHEP  1512  (2015)  101  
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Assume instantaneous freezeout: T>0 states
convert to real vacuum particles at around TC

”How many vacuum states do the
in-medium peaks correspond to?”
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Summary

Heavy quarkonium matured into a precision probe in heavy-ion collisions
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Summary

Heavy quarkonium matured into a precision probe in heavy-ion collisions

Direct and indirect lattice QCD approaches to in-medium quarkonium spectra

NRQCD:    includes finite velocity corrections but still limited by simulation data quality
correlation functions show hierarchical in-medium modification
spectra challenging but show reasonable disappearance of bound state features  

pNRQCD:  VQQ does not contain velocity corrections yet but spectra not resolution limited
hierarchical modification of spectra: states broaden and shift to lower masses
meaningful determination of melting temperatures possible
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Summary

Heavy quarkonium matured into a precision probe in heavy-ion collisions

Assuming full kinetic thermalization at TC and instantaneous freezeout

Estimate of ψ‘ to J/ψ ratio from T>0 spectra larger than statistical hadronization model 

Direct and indirect lattice QCD approaches to in-medium quarkonium spectra

NRQCD:    includes finite velocity corrections but still limited by simulation data quality
correlation functions show hierarchical in-medium modification
spectra challenging but show reasonable disappearance of bound state features  

pNRQCD:  VQQ does not contain velocity corrections yet but spectra not resolution limited
hierarchical modification of spectra: states broaden and shift to lower masses
meaningful determination of melting temperatures possible
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Summary

Heavy quarkonium matured into a precision probe in heavy-ion collisions

Assuming full kinetic thermalization at TC and instantaneous freezeout

Estimate of ψ‘ to J/ψ ratio from T>0 spectra larger than statistical hadronization model 

Significant improvement of spectral reconstructions on the horizon
a new simulation prescription in imaginary frequencies (arXiv:1610.09531)  

Direct and indirect lattice QCD approaches to in-medium quarkonium spectra

NRQCD:    includes finite velocity corrections but still limited by simulation data quality
correlation functions show hierarchical in-medium modification
spectra challenging but show reasonable disappearance of bound state features  

pNRQCD:  VQQ does not contain velocity corrections yet but spectra not resolution limited
hierarchical modification of spectra: states broaden and shift to lower masses
meaningful determination of melting temperatures possible
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Thank you for your attention
Благодарю вас  за  внимание
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IN-MEDIUM QQBAR PHENOMENOLOGY FROM LATTICE QCD SPECTRAL FUNCTIONS

Defining the T>0 QQ potential
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Summary: VQCD from the lattice
A.
R.
	
  

M
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.	
  P
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  L
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A,
	
  2
8,
	
  1
33

00
05

	
  (2
01

3)

From	
  lattice	
  QCD	
  correlators to	
  the	
  complex	
  heavy	
  quark	
  potential

τ

Bayes
ω

R

ρ(R, ω)log[W(R, τ)]

β

VQCD(R)

r

Peak FitR0

R1

R2

R0
R1

R2

R0 R1 R2

Re[VQCD(R)]

Im[VQCD(R)]

Technical	
  detail:	
  	
  Wilson	
  Line	
  correlators in	
  Coulomb	
  gauge	
  instead	
  of	
  Wilson	
  loops	
  
Practical	
  reason:	
  	
  Absence	
  of	
  cusp	
  divergences,	
  hence less suppression along τ
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IN-MEDIUM QQBAR PHENOMENOLOGY FROM LATTICE QCD SPECTRAL FUNCTIONS

The Gauss-Law Ansatz for VQCD

Towards phenomenology:  Analytic expression for Re[V] and Im[V] necessary

VT=0
QQ̄ = VC(r) + VS(r) = -

↵S

r
+ �r+ c Strategy:

αs,σ and c	
  are vacuum prop.	
  
and do	
  not	
  change with T
r relevant	
  for	
  	
  bb and cc	
  run-­‐
ning of coupling not	
  essential
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  are vacuum prop.	
  
and do	
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  for	
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  run-­‐
ning of coupling not	
  essential

String-­‐like:	
  a=+1	
  	
  q=σ

~r
⇣
~rVC(r)

⌘
= -4⇡↵S �(~r) ~r

 
~rVS(r)

r2

!
= -4⇡� �(~r)

Coulombic:	
  a=-­‐1	
  	
   q=αs

~r
 

~rV(r)

ra+1

!
= -4⇡q �(~r)

V.  V.  Dixit,  
Mod.  Phys.  Lett.  A  5,  227  (1990)

V(r) = aq ra
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Towards phenomenology:  Analytic expression for Re[V] and Im[V] necessary

VT=0
QQ̄ = VC(r) + VS(r) = -

↵S

r
+ �r+ c Strategy:

αs,σ and c	
  are vacuum prop.	
  
and do	
  not	
  change with T
r relevant	
  for	
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  run-­‐
ning of coupling not	
  essential

In the classical theory of Debye: Boltzmann distr. backgr. charges <ρ> 

~r
⇣
~rVC(r)

⌘
= -4⇡↵

�
�(~r) + h⇢(~r)i

� P.  Debye,  H.  Hückel,  
Phys.Z.  24,  185-­206  (1923)

String-­‐like:	
  a=+1	
  	
  q=σ

~r
⇣
~rVC(r)

⌘
= -4⇡↵S �(~r) ~r
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r2

!
= -4⇡� �(~r)
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  a=-­‐1	
  	
   q=αs

~r
 

~rV(r)

ra+1

!
= -4⇡q �(~r)

V.  V.  Dixit,  
Mod.  Phys.  Lett.  A  5,  227  (1990)

V(r) = aq ra
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The Gauss-Law Ansatz for VQCD

Towards phenomenology:  Analytic expression for Re[V] and Im[V] necessary
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+ �r+ c Strategy:
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  essential
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For Quarkonium: introduce medium via weak coupling HTL permittivity ε
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⇣
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IN-MEDIUM QQBAR PHENOMENOLOGY FROM LATTICE QCD SPECTRAL FUNCTIONS

Heavy Quarks on the Lattice
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IN-MEDIUM QQBAR PHENOMENOLOGY FROM LATTICE QCD SPECTRAL FUNCTIONS

Heavy Quarks on the Lattice

Effective	
  field	
  theory	
  from	
  scale	
  separation:

Relativistic	
  thermal
field	
  theory

B
ra

m
bi
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. a
l. 

R
ev
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.P
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 7

7 
(2
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T
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Heavy Quarks on the Lattice
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Individual	
  Q	
  or	
  anti-­‐Q	
  in	
  a	
  medium	
  background:	
  	
  	
  	
  Initial	
  value	
  problem G(τ)=<χ(τ)χ†(0)>

well behaved if MQa > 1.5
Davies, Thacker Phys.Rev. D45 (1992)
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3S1 (ϒ) and 3P1 (χb1) channel correlators D(τ)	
  from	
  products	
  of	
  heavy	
  quark	
  propagators	
  G(τ)

O(3S1; x, ⌧) = �i, O(3P1; x, ⌧) =
$
�i�j -

$
�j�iD(⌧) =

X

x

hO(x, ⌧)G
x⌧O

†(x0, ⌧0)G
†
x⌧imed

Thacker, Lepage Phys.Rev. D43 (1991)
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IN-MEDIUM QQBAR PHENOMENOLOGY FROM LATTICE QCD SPECTRAL FUNCTIONS

Bottomonium S-wave

PRELIMINARY
new 2016 high statistics

BR method shows ground state feature at all temperatures T≤407MeV
MEM:  above T=333 MeV only washed out bump visible

Systematics: MEM oversmoothing, BR ringing – use both methods to bracket

Due to small Nτ=12: Bayesian reconstruction captures only ground state reliably

T=140MeV

T=145MeV

T=151MeV

T=155MeV

T=160MeV

T=166MeV

T=173MeV

T=178MeV

T=185MeV

T=192MeV
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T=212MeV

T=223MeV

T=251MeV

T=273MeV

T=333MeV

T=407MeV

�� �� �� �� �� ω [���]��-�

�����

�����

�����

�

��

ρ(ω)
3S1 Channel @ T>0, n=4

ω[GeV]

BR method
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PRELIMINARY

shifted rec. free
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3S1 Channel comparison to rec. freeBR reconstructed free vs. interacting spectrum
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